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Abstract: To incorporate protein polarization effects within a protein combinatorial optimization framework, we

decompose the polarizable force field AMOEBA into low order terms. Including terms up to the third-order provides

a fair approximation to the full energy while maintaining tractability. We represent the polarizable packing problem

for protein G as a hypergraph and solve for optimal rotamers with the FASTER combinatorial optimization algo-

rithm. These approximate energy models can be improved to high accuracy [root mean square deviation (rmsd) \ 1

kJ mol21] via ridge regression. The resulting trained approximations are used to efficiently identify new, low-energy

solutions. The approach is general and should allow combinatorial optimization of other many-body problems.

q 2011 Wiley Periodicals, Inc. J Comput Chem 32: 1334–1344, 2011
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Introduction

The need for increased accuracy in biophysical protein models

has led researchers to develop energy functions that include

many-body effects. However, these energy functions are compu-

tationally expensive and incompatible with typical combinatorial

algorithms for optimizing protein structures. To bridge this dis-

connect, we decompose multibody energies into low order terms

suitable for traditional combinatorial optimization algorithms.

Previously, Mayo and coworkers have developed decomposable

approximations for solvent-accessible surface area terms1 and

for Poisson–Boltzmann solvent polarization.2,3 Here, we develop

approximate models of multibody protein polarization. Several

recent energy functions such as AMOEBA include many-body

protein polarization.4–9 We decompose the many-body polariza-

tion energy of the AMOEBA force field into terms involving 1,

2, 3, or 4 residues. We demonstrate that the resulting truncated

approximations are both accurate and amenable to combinatorial

protein optimization. Furthermore, training the approximations

resulted in remarkably accurate energy predictions (R2 5 0.99)

for low-energy rotamer combinations.

More detailed biophysical models that include polarization

may improve accuracy in protein structure prediction and design.

Here, we concentrate entirely on the fixed-backbone sidechain

optimization subproblem. Many existing software packages opti-

mize sidechain packing.10–12 Given a quantitative scoring func-

tion, the typical search algorithm attempts to identify the side-

chain configuration of lowest energy. To reduce the problem to

a combinatorial search-space, these programs force sidechains to

adopt preferred conformations usually represented as discrete

rotational isomers, or rotamers.13,14 Ideally, with a sufficiently

accurate energy function and rotamer library, the lowest energy

rotamer combination will approximate the experimental native

state of the protein. Diverse combinatorial optimization algo-

rithms have been devised to obtain the lowest energy rotamer

combination.15–19 Here, we use FASTER,20,21 a robust algorithm

well suited to large combinatorial search spaces (Methods).

One benefit of the fixed-backbone rotamer optimization

framework is that improvements made in the context of identify-

ing low-energy rotamer combinations may apply to other prob-

lems. For example, the same methods constitute protein design

calculations if the population of rotamers contains distinct amino

acids. Another extension to the rotamer optimization framework

is the consideration of entropic effects.22 Methods such as gener-

alized belief propagation can be used to calculate the marginal

probabilities of all rotamers and identify the rotamer distribution

of the lowest free energy.23–25

Combinatorial rotamer optimization has usually been applied

to simple pairwise energy functions that allow rotamer–rotamer

energies to be precalculated. However, traditional optimization

algorithms are not suited for energy functions that do not consist

of purely rotamer one-body and pairwise energies. For example,

AMOEBA, a recently developed polarizable force field, models

electrostatics using self-consistent-induced dipoles in addition to

permanent multipoles.5 As a result, the AMOEBA energy cannot
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be exactly decomposed into rotamer–rotamer energies. However,

the full energy of an N-residue protein may be decomposed into

a sum of energy terms, from 1-body to n-body (Methods). An il-

lustrative example of the derivation of a 3-body term is provided

in Figure 1. Calculating higher order terms (e.g., 4-residue and

5-residue) rapidly becomes intractable due to combinatorial

explosion. However, if lower order effects dominate as expected,

a truncated summation of energy terms provides a useful

approximation to the full energy. Truncation allows us to avoid

an exponential increase in the number of required higher order

terms.

It remains to be seen to what extent protein polarization con-

tributes to protein sidechain positioning. There are a number of

scenarios where including this level of detail could be particu-

larly advantageous. Polarization is most likely to play a role in

accurate accounting of the energetics of buried polar interaction

networks. For example, the much debated extent to which salt

bridges contribute to protein stability depends upon polariza-

tion.26–30 Although the typical two-body energy function was para-

meterized to implicitly account for a fixed degree of polarization,

the true charge will vary depending on solvent exposure and the

presence or absence of complementary charges. Explicitly model-

ing polarization effects should therefore enable more accurate

models of context-dependent salt bridge energetics. Another poten-

tial application is to model the titration of enzyme active sites.

When combined with a sophisticated solvent model, the methods

described here may be particularly well suited for predicting pKa

shifts, because they account for protein polarization in addition to

Figure 1. Illustrated derivation of a favorable triplet term from protein G for K10, K13, and E56 (the

C-terminal residue). See text. The local backbone is cartooned for context; only atoms from the listed

residues are present for the calculations. We plot the induced dipoles di from AMOEBA calculations

for each isolated residue (a–c), the induced dipole correction vectors for each second-order term (d–f)

dij 5 dij – di – dj, and the 3-body term (g) dijk 5 dijk – dij – dik – djk 1 di 1 dj 1 dk. For clarity, we

scale the induced dipole correction vectors by the multiplier shown (x3, x6, or x50) and omit induced

dipole correction vectors below a size threshold (respectively, 1/6, 1/12, or 1/100 of a Debye). Panel

(h) lists raw AMOEBA energy values (A10, A13, A56, A10,13, A10,56, A13,56, A10,13,56), the derived sec-

ond-order terms (E10,13, E10,56, E13,56), and the derived third-order term (E10,13,56) in kJ mol21. This

figure was created using PyMOL (www.pymol.org).
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robust sampling of the potentially astronomical number of relevant

sidechain positions and protonation states.31

First, we show that this decomposition scheme allows us to

approximate the AMOEBA energy of static protein models.

Next, we demonstrate that the approximate energy models effec-

tively score protein G rotamer combinations. We then demon-

strate methods to tune the approximate energy models to high

accuracy. Finally, we show that these approximations are com-

patible with combinatorial rotamer optimization, completing the

demonstration of polarizable protein packing.

Methods

AMOEBA Decomposition

We set each 1-body energy term, Ei, equal to the AMOEBA

energy of the corresponding isolated residue, Ai as calculated by

the TINKER program analyze.x. The isolated residue includes

both the sidechain and backbone atoms. Fortunately, incomplete

valence of backbone atoms does not prevent analyze.x from

completing the calculation. Higher order terms were calculated

by the inclusion–exclusion principle; each term was a correction

to cognate lower order terms. By cognate, we denote a term that

applies to a subset of the corresponding residues. For example, a

2-body energy term Eij was calculated by subtracting the cog-

nate 1-body terms from the calculated AMOEBA energy Aij of

the residue pair: Eij 5 Aij – Ai – Aj. Likewise, Eijk 5 Aijk – Aij –

Aik – Ajk 1 Ai 1 Aj 1 Ak. We defined approximate energy land-

scapes by summing all applicable terms: first-order (SEi), sec-

ond-order (SEi 1 SEij), and third-order (SEi 1 SEij 1 SEijk).

AMOEBA calculations for severely clashing sidechains occa-

sionally failed to converge. When analyze.x failed to converge,

the term in question was assigned a stiff arbitrary penalty of 105

kJ mol21. Any decomposition scheme involves breaking the pro-

tein into fragments. Any given term involves partial valence

where adjacent residues are absent, but the effects cancel with

the appropriate inclusion–exclusion of lower order terms. We

contemplated and rejected an alternate decomposition scheme

where sidechains and peptide groups would be distinct groups

because the latter scheme would greatly increase the number of

terms to calculate.

An illustrated example of a favorable third-order term is

given in Figure 1. To understand the energy correction terms, it

is helpful to inspect the induced dipoles (green vectors). First,

we calculate AMOEBA energies for each individual residue, Ai,

and plot the final induced dipoles di from the calculations (Figs.

1a–1c). Second, we calculate AMOEBA energies for each pair

of residues, Aij, and compute the second-order term Eij 5 Aij –

Ai – Aj. Similarly, we compute the induced dipole correction

vectors dij 5 dij – di – dj and plot these (Figs. 1d–1f). Third, we

calculate the AMOEBA energy for the residue triplet, Aijk, and

compute the third-order term Eijk 5 Aijk – Aij – Aik 2 Ajk 1 Ai

1 Aj 1 Ak. We plot the induced dipole corrections dijk 5 dijk –
dij – dik – djk 1 di 1 dj 1 dk associated with the triplet (Fig.

1g). The magnitudes of the induced dipole corrections are much

smaller for distant interactions and higher order corrections

(note the scale factors). For visual clarity, we omit nonpolar

hydrogens for the higher order calculations. Incomplete valences

in the backbone result in large induced dipoles for backbone

atoms. This intraresidue effect cancels when the higher order

terms are calculated. In this example, the hydrogen bond

between the sidechain of E56 and the backbone of K10 (Fig.

1d) is the dominant pairwise effect and is associated with large

favorable induced dipoles. The addition of K13 (Fig. 1g) aug-

ments the favorable polarization between K10 and E56. The per-

tinent energy terms (in kJ mol21) are shown (Fig. 1h).

Calculations

Calculations were performed on a 16-thread, 2.8-GHz, dual

Xeon 5560 computer. Calculation times are tabulated in Sup-

porting Information Table I. We used the SHARPEN protein

modeling library in conjunction with the TINKER 5.0 analysis

tools.10,32 AMOEBA calculations were performed with analyze.x

and amoebapro.prm. Python scripts to perform the calculations

described in this work have been added to the SHARPEN docu-

mentation (http://www.sharp-n.org/).

The default SHARPEN rotamer library is the Dunbrack back-

bone-dependent rotamer library.11 We select rotamers from this

library using a SHARPEN rotamer generator object with default

behavior that matches a Rosetta33 protocol that provides addi-

tional rotamers for buried residues. Briefly, we first compute a

neighbor map that indicates which pairs of residues may poten-

tially interact. Two residues are neighbors if their Cb (Ca for

Gly) atoms are within a cutoff distance. The distance cutoffs

range between 6–14 Å and depend on the amino acid types.

Next, we use this neighbor map to assign residues to either the

surface class or buried class. Buried residues are residues with

at least 18 neighboring residues. For each 108 /,w bin, the back-

bone-dependent rotamer library lists rotamers by decreasing fre-

quency (along with the standard deviation for each chi value). If

a residue is buried, we take up to 30 of the most common

rotamers, or up to 98%, whichever limit occurs first. If a residue

is in the surface class, we take up to 24 of the most common

rotamers, or up to 95%, whichever limit occurs first. Finally, if a

residue is buried, additional rotamers are generated by varying

v1 6 1 standard deviation. For large buried residues (Phe, Tyr,

or Trp), we also vary v2 6 1 standard deviation.

Rather than filling elements of a matrix, we store energy

terms for individual rotamers and pairs of rotamers inside the

vertices and edges of a SHARPEN EnergyGraph data structure,

the underlying data structure of which is a Boost graph (http://

www.boost.org/). This way we avoid allocating space for absent

interactions. Also, we can more easily generalize to higher order

interaction terms. Specifically, when we wish to store an energy

term for a collection of three or more rotamers, we store the

term at a hyperedge within a SHARPEN EnergyHyperGraph

data structure.10 There is overhead associated with using a

hypergraph; optimization algorithms are less efficient when

passed an EnergyHyperGraph. To conveniently store large col-

lections of energy terms on disk, we used the pytables module

(http://www.pytables.org).

Non-Clashing Rotamer Combinations

Random rotamer combinations rarely avoid high-energy van der

Waal (vdw) clashes. To identify nonclashing but otherwise ran-
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dom rotamer combinations for protein G, we first constructed an

energy model that only penalized clashing rotamer pairs. Specifi-

cally, the rotamer–rotamer energy Eij 5 0 unless the vdw Eij [
100 kJ mol21, in which case Eij 5 vdw Eij. To sample nonclash-

ing rotamer combinations, we started with 3200 random combi-

nations and proceeded to optimize each rotamer combination

with a steepest descent Monte Carlo trajectory that only accepts

new rotamers if energy is reduced (i.e., T 5 0, the number of

iterations was 3390, five times the total number of rotamers).

We scored the 3200 resulting combinations with AMOEBA and

selected the 200 rotamer combinations with the lowest

AMOEBA energy. These combinations successfully avoided

penalized clashes and were diverse. To quantify the diversity of

the rotamer combinations, we define the site entropy as the sum

over observed rotamers of Prot�log(Prot) where Prot is the

observed probability of a particular rotamer. The net entropy is

the sum of the site entropy for each residue. Here, net entropy

5 94.5. For comparison, the entropy of 200 completely random

protein G rotamer combinations was 110.3 6 0.1.

A Low-Energy Rotamer Combination

Having computed all 1-body and 2-body energy terms for pro-

tein G, we constructed a SHARPEN EnergyGraph (defined

above). FASTER repeatedly identified the same putative mini-

mum-energy rotamer combination (approximation E 5 26686

kJ mol21, actual AMOEBA E 5 25626 kJ�mol21). We used

this favorable rotamer combination as a starting point to calcu-

late ensembles of low-energy combinations using the two fol-

lowing methods.

Low-Energy Rotamer Combinations (Method 1)

We performed Monte Carlo on the second-order approximate

energy landscape in lieu of the true many-body energy land-

scape. Starting from the putative minimum-energy rotamer com-

bination (above), we collected 10,546 distinct rotamer combina-

tions from a Monte Carlo trajectory of 6.5�3 105 steps. Empiri-

cally, we found that a low-temperature (KBT 5 8 kJ mol21)

Metropolis criterion sampled the low-energy regime of interest.

We scored these rotamer combinations with AMOEBA (median

E 5 25535 kJ mol21). We removed 23 high-energy combina-

tions (at least 200 kJ mol21 worse than 25626 kJ mol21 the

best AMOEBA energy encountered). From the remaining pool,

we randomly selected (without replacement) a 5000-member

training set and a 5000-member test set. The entropy (defined

above) of the Method 1 training set was 38.1. There were no

identical combinations in the training and test sets. However,

some ‘‘overlap’’ is essential for fitting. As desired, most 1-body,

2-body, and 3-body terms that were found in the test set were

also present in the training set (Supporting Information Fig. 1).

The average (standard deviation) hamming distance was 19.2

(2.8) rotamer substitutions between all pairs of training and test

combinations.

Low-Energy Rotamer Combinations (Method 2)

Starting from the putative minimum-energy rotamer combination

(above), we collected 16 Monte Carlo trajectories (KBT 5 8 kJ

mol21), each consisting of 1000 AMOEBA calculations. We

pooled the 2586 distinct rotamer combinations accepted by the

Monte Carlo trajectories and removed 11 high-energy combina-

tions (at least 200 kJ mol21 worse than 25633 kJ mol21, the

best AMOEBA energy found during the Monte Carlo trials).

From the remaining pool of 2575 low-energy rotamer combina-

tions, we randomly selected (without replacement) a 500-mem-

ber training set and 500-member test set. The entropy (defined

above) of the Method 2 training set was 34.7.

Ridge Regression

We use ridge regression to learn a set of correction parameters

to augment an initial energy model.20 Each correction parameter

is associated with one rotamer (or a collection of rotamers).

Given a training set of rotamer combinations (instances), we cre-

ate an array Y where each element is the unexplained difference

between the actual AMOEBA energy for that instance and the

energy predicted by the initial model. To eliminate the need for

a constant correction term, we center the Y array by subtracting

the mean, hYi, from each element. The matrix X describes which

correction terms (columns) apply to each instance (rows). This

matrix is large and sparse. Accordingly, we used the sparse ma-

trix capabilities of Python module cvxopt34 (http://abel.ee.

ucla.edu/cvxopt) a free (GPL) convex optimization software

package. We also use the cvxopt package to solve the linear sys-

tem efficiently with Cholesky factorization. Specifically, to

obtain the regression coefficients for each term, we used

cvxopt.cholmol.linsolv (XT 3 X 1 k 3 I, XT 3 Y) where k is

the free ridge parameter and I is the identity matrix. Unless oth-

erwise noted, reported calculations used a regularization parame-

ter of 0.01 and a 500-member rotamer combination training set.

Results

Static Structures

First, we tested our decomposition scheme by approximating the

many-body AMOEBA energy for static protein models. Our test

panel was comprised of four small protein structures: protein G

(1PGB), Rubredoxin (1B13), HPr protein (1CM2), and PAS fac-

tor (2B8I). Heteroatoms were removed and each model was pre-

treated with REDUCE to obtain reasonable hydrogen positions.35

For n from 1 to 4 we compared the cumulative sum of all n-
body energy terms to the AMOEBA energy of each complete

protein (Fig. 2). As expected, successive approximations

approached the many-body energy (gray line). Including all 3-

body terms greatly reduced the error of the approximation, com-

pensating for an overly favorable second-order approximation.

We found no compelling reason to include 4-body or higher

order terms. Including all 4-body energy terms greatly increased

the calculation time (Supporting Information Table I) without

consistently improving the approximation (Table 1).

To understand the AMOEBA decomposition, we computed

histograms of the energy terms for the static protein G model

(Fig. 3). Many higher order terms were negligible. In particular,

discontinuous y-axes were necessary to accommodate the histo-

gram peaks at 0. For the 27,720 protein G 3-body terms, the
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standard deviation (mean) was 0.82 (0.035) kJ mol21. Although

most 3-body terms were small, large outliers spanned observed

extremes of 229 and 28 kJ mol21. Together, 163 of the larger

terms (|Eijk| [ 4 kJ mol21) summed to 739 kJ mol21. However,

the 27,557 smaller 3-body terms also had a significant aggregate

contribution of 229 kJ mol21. The skew of the distribution to

positive values is visible (Fig. 3c). Compared with the 3-body

distribution, the 4-body distribution is narrow, with a standard

deviation (mean) of 4.2�3 1022 (23.8�3 1026) kJ mol21. The

largest 4-body term magnitude was 4.3 kJ mol21 and only 13 of

the 4-body terms had a magnitude greater than 2 kJ mol21.

Avoiding Negligible 3-Body Terms

For computational tractability, it is desirable to avoid explicitly

calculating 3-body terms that turn out to be negligible. Ideally,

we could avoid most terms of low magnitude (a low false posi-

tive rate) while retaining almost all terms of significant magni-

tude (a high true positive rate).

To develop a filtering method, we started by looking at the

native structure of protein G (1PGB). Initially, we tried to pre-

dict the magnitude of 3-body terms as a function of the distance

between the residues involved. We found that a large-magnitude

3-body term (|Eijk| [ 4 kJ mol21) is unlikely if one residue is

distant from the other residues. However, we found that inspect-

ing the distances between residues was an inferior method to

inspecting the 2-body terms that directly quantify the strength of

the interaction between two residues.

Specifically, we compared the magnitude of each 3-body

energy term |Eijk| from the native state of protein G to the magni-

tudes of the three cognate 2-body energy terms: |Eij|, |Eik|, and

|Ejk|. Given these three values, we considered several metrics: the

sum, the maximum, the minimum, the sum of the two larger, the

sum of the two lesser, and the median. The last two metrics had

superior performance as assessed with receiver-operator curve

(ROC) analysis (Supporting Information Fig. 2). Accordingly,

when we ‘‘filter’’ potential 3-body terms below, we are discarding

potential 3-body terms when the sum of the absolute value of the

two smaller cognate 2-body terms fails to exceed a cutoff. This

metric makes sense; 3-body coupling is unlikely to arise if one of

the residues interacts weakly with the other two residues.

To identify a generally useful filter cutoff value we repeated

the ROC analysis for the other members of the test panel: 1B13,

1CM2, and 2B8I (Supporting Information Fig. 2c). In each case,

it was possible to find a cutoff value where 99% of the larger 3-

body terms (|Eijk| [ 4 kJ mol21) were retained and 93–98% of

the smaller 3-body terms (|Eijk| � 4 kJ mol21) were discarded.

Depending on the protein, the lowest filter cutoff that retained at

least 99% of the larger terms was between 10–18 kJ mol21. A

10 kJ mol21, filter cutoff reduced the number of 3-body energy

terms by 90–96%. Removing these terms did not significantly

degrade the approximation of the full AMOEBA energy (Efilter

in Table 1). In the next section, we discuss the performance of

the same filtering method in the context of scoring random pro-

tein G rotamer combinations.

Notably, it was also possible to identify significant 4-body

terms by inspecting 3-body terms (Supporting Information Fig.

3). For example, the 13 largest 4-body terms (|Eijkl| [ 2.0 kJ

Figure 2. AMOEBA energy decomposition for four small proteins.

Table 1. Cumulative Approximation Energy in kJ mol21 for the Test

Proteins.

Protein Length SEi 1SEij 1SEijk 1SEijkl Efilter
a AMOEBA E

1B13 54 1454 23252 22386 22450 22393 22446

1PGB 56 2172 25606 24638 24722 24692 24707

2B8I 77 1560 26605 25574 25566 25627 25604

1CM2 85 2697 27239 26185 26125 26207 26199

aEfilter 5
P

Ei 1
P

Eij 1
P

filtered Eijk.
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mol21) for protein G could be identified by restricting attention

to the 461 qualifying 4-body terms with large cognate 3-body

terms (|Eijk| 1 |Eijl| 1 |Eilk| 1 |Ejlk| � 20 kJ mol21) (Supporting

Information Fig. 3b). This represents a useful reduction from the

total number of 367,290 4-body terms.

Random Rotamer Combinations

To further test the AMOEBA decomposition scheme, we gener-

ated a test set of 200 protein G rotamer combinations. Other

than avoiding large vdw clashes, the rotamer combinations were

random (Methods). These diverse combinations ranged in energy

between 24321 and 23786 kJ mol21.

For each rotamer combination, we summed terms corre-

sponding to each rotamer (1-body) and rotamer-pair (2-body) to

calculate the second-order approximation. We additionally

included all rotamer triplet (3-body) terms to calculate the third-

order approximation. Both the second-order and third-order

approximations were highly correlated with the true many-body

landscape (Fig. 4a). However, the third-order approximation had

less noise and greater absolute accuracy.

Reduced noise is more important than absolute accuracy for

correctly ranking rotamer combinations. Therefore, to compare

predicted energies from different approximations, we treat the

slope and intercept of the approximation as free parameters. In

other words, the figure of merit we use to assess an approxima-

tion is the post-linear-regression rmsd of predicted energies from

the many-body AMOEBA energies. For example, to compare

the second-order and third-order approximations for random pro-

tein G rotamer combinations, we plot the residual deviations af-

ter linear regression (Fig. 4b). Adding all 3-body terms reduced

the rmsd of the predicted energies from 35.0 to 9.4 kJ mol21.

Computing all 1-body and 2-body terms for protein G (num-

bering 678 and 221,530, respectively) required only 45 min

(Supporting Information Table I). However, computing the 3�3
106 distinct 3-body terms present within the random test set (out

of 4.7�3 107 possible 3-body terms) required over 10 h. The

long computation time motivates the use of a filtering method

(see previous section). Having already computed all of the 3-

body terms, we retrospectively tested the performance of filtered

third-order approximations. Testing a number of potential cutoff

values, we found a good cutoff value of 5 kJ mol21 (Fig. 5).

For this particular protein G rotamer problem, applying this cut-

off would have eliminated 79% of the 3-body terms and compu-

tation time. Despite the computational savings, the filtered

approximation was nearly as accurate (rmsd 5 12.3 kJ mol21)

as the model that included all 3-body effects (rmsd 5 9.4 kJ

mol21). For simplicity, the results below do not use a filter.

Figure 3. Distributions of first- to fourth-order terms for the native protein G model. (a) The energy

for isolated residues ranged between 262 and 200 kJ mol21. Discontinuous y-axes are required for the

higher order (second to fourth) distributions due to sharp peaks at 0. The second-order term distribu-

tion (b) is skewed left, causing an overly favorable second-order approximation. The third-order term

distribution (c) is narrow and skewed right, compensating for the second-order approximation. Continu-

ing the pattern, the fourth-order term distribution (d) narrows and is slightly skewed toward negative

values.

1339Polarizable Protein Packing

Journal of Computational Chemistry DOI 10.1002/jcc



Sampling Low-Energy Combinations

Although the results with random rotamer combinations were in-

formative, high-energy combinations are irrelevant for most

applications. Ideally, we could benchmark our approximate

energy models against a test set composed of rotamer combina-

tions that are low energy but otherwise random. Obtaining such

a test set is not trivial because brute force sampling is intrac-

table.

Therefore, we used Monte Carlo to sample low-energy

rotamer combinations (Methods). Our first strategy (Method 1)

sampled from the second-order approximation energy landscape.

We used this computationally efficient approach to generate

training and test sets, each with 5000 distinct rotamer combina-

tions. However, we were concerned that sampling rotamer com-

binations using the approximation might lead to bias when

assessing the approximation quality. Therefore, for comparison

we generated alternate training and test sets (500 members each)

by directly Monte Carlo sampling rotamer combinations from

the many-body AMOEBA energy landscape (Method 2). Fortu-

nately, no bias was apparent; both methods produced similar

results. Therefore, calculations below refer to the training and

test sets generated by the more efficient strategy (Method 1).

Low-Energy Approximation Performance

Low-energy rotamer combinations proved to be more easily and

accurately modeled than random combinations. The prediction

rmsd of the second-order approximation for protein G test set

rotamer combinations was 11.6 kJ mol21 rather than 35.0 kJ

mol21 (Fig. 6a). This is unsurprising; low-energy rotamer com-

binations were less diverse and occupied a smaller energy range:

195 kJ mol21 rather than 535 kJ mol21. Despite the much larger

size (10,000) of the combined training and test sets, lower en-

tropy resulted in fewer distinct 3-body terms (989,018). After

computing the 3-body terms, we found that the rmsd of the

third-order approximation for test set rotamer combinations was

2.3 kJ mol21 rather than 9.4 kJ mol21 (Fig. 6b). This latter

result was intriguing; potentially we need only explicitly calcu-

late a limited pool of 3-body terms to achieve chemical accuracy

for low-energy rotamer states.

Regression

We sought to further increase precision and decrease computa-

tional expense. The relatively small magnitude of the majority

of the higher order terms suggested that regression-based

approaches might allow us to avoid explicitly calculating a large

number of higher-order terms. Instead, we would calculate the

AMOEBA energy for a training set of rotamer combinations and

calculate effective correction terms using regression. The cluster

expansion methods described by Keating and coworkers are one

such approach.36,37 Briefly, Grigoryan et al. (i) build and score a

large number of combinations for a training set and (ii) build an

approximate energy model by iterative feature selection with

fast cross validation. In contrast, our method involved (i)

directly computing 1-body and 2-body energy terms to form a

second-order approximate energy landscape, (ii) building and

scoring a moderate number of low-energy rotamer combinations

for a training set, and (iii) a single ridge regression calculation

to fit selected correction terms. Originally, we had intended to

fit 3-body correction terms. Unfortunately, accurately fitting a

Figure 4. (a) Second-order (gray) and third-order (black) approximations for 200 rotamer combina-

tions of protein G selected to avoid van der Waal clashes. (b) Residual errors after fitting the slope

and intercept for each approximation.

Figure 5. Filtering potential 3-body terms leads to performance in-

termediate between the second-order approximation (rmsd 5 35.0

kJ mol21) and the third-order approximation (rmsd 5 9.4 kJ

mol21).
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Figure 6. Predicted energies for 5000 test set rotamer combination from (a) second-order and (b)

third-order approximation were highly correlated with the true many-body AMOEBA energies. Ridge

regression performance varied with (c) the choice of regularization parameter and (d) training set size.

The (e) trained second-order and (f) trained third-order models were particularly accurate with respec-

tive rmsd of 0.8 and 0.3 kJ mol21.
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large number of correction terms requires a large training set.

Instead, we were pleased to discover that fitting only 1-body

correction terms to a relatively modest training set was usually

sufficient for high accuracy (see the superoxide dismutase exam-

ple below for an exception).

We began by calculating explicit 1-body and 2-body energy

terms for each rotamer and rotamer pair, forming a second-order

approximate energy landscape. This approximate energy land-

scape was useful for the next step: building a moderate number

of low-energy rotamer combinations (e.g., 500). For each of

these training set rotamer combinations, we calculated both the

full AMOEBA energy and the predicted energy of the second-

order approximation. We then fit to the prediction error (the full

AMOEBA energy minus the approximation prediction) using

ridge regression (Methods). The fitting parameters were 1-body

correction terms corresponding to each distinct rotamer present

in the training set rotamer combinations. In other words, starting

from an approximation that contains both 1-body and 2-body

terms, we tuned only the 1-body terms to better fit the full

AMOEBA energies found for the training set.

Ridge regression is a flexible strategy (Methods). For low

values of the regularization parameter, the method becomes a

convenient form of unconstrained regression. On the other hand,

for high values of the regularization parameter, ridge regression

relies heavily on the a priori estimate for each parameter and

provides only small correction terms. Thus, modulating the regu-

larization parameter can address overfitting. Figure 6 illustrates

results for protein G. After testing values for the regularization

parameter between 10210 and 1010, we selected a regularization

parameter of 0.01 to fully benefit from the regression accuracy

improvements without unnecessary risk of overfitting (Fig. 6c).

We found that trained models had impressive accuracy and that

performance depended strongly on training set size (Fig. 6d).

Similarity to the test set, particularly coverage of the 1-body

terms found within the test set, was a major factor. Term correc-

tions, the output of the regression, were small with respect to

the initial 1-body energy terms (Supporting Information Fig. 4).

The highest accuracy was found using the largest training set

size (5000 combinations): 0.8 kJ mol21 (0.3 kJ mol21) rmsd for

the second-order (third-order) approximation (Figs. 6e and 6f).

However, our default training set size (500 members) also per-

formed well: 1.3 kJ mol21 (0.4 kJ mol21) rmsd for the second-

order (third-order) approximation.

To further validate this approach, we proceeded to test the

other proteins in the test panel. In each case, tuning 1-body

energies by training the second-order approximation with 500

rotamer combinations (from relatively short Monte Carlo trajec-

tories) yielded a high accuracy model with prediction rmsd less

than 1 kJ mol21 (Supporting Information Fig. 5). The trained

second-order approximation was relatively easy to compute and

offered impressive precision. As a control, we tested perform-

ance after discarding the most similar training and test combina-

tions (ensuring that no training-test pair was within five rotamer

substitutions) and found that accuracy was still quite high; train-

ing with 500 combinations led to rmsd 5 1.7 (0.56) kJ mol21

for the tuned second-order (third-order) approximation. As a fur-

ther control, we investigated the performance of first-order mod-

els. The explicitly calculated 2-body terms were essential for the

high accuracy. Before fitting, an energy model consisting solely

of the explicitly calculated 1-body terms models the training set

poorly (29.5 kJ mol21 rmsd). In contrast, when trained with 500

(5000) examples, a tuned first-order model predicted the test set

energies with 7.8 (5.3) kJ mol21 rmsd.

Interpretation of the perturbations to the value of the single-

body terms is challenging. These correction terms implicitly

model thousands of higher order effects observed in the train-

ing set. Interpretation depends critically on the nature of the

higher order effects that are omitted from the initial energy

model. For example, the single-body correction terms change

significantly when they implicitly represent effects higher than

second-order (Supporting Information Fig. 4a) or effects higher

than third-order (Supporting Information Fig. 4b). If the ulti-

mate aim is to calculate physically interpretable correction

terms via regression, additional care will be required to con-

struct the training set (e.g., to ensure that the factors of interest

vary independently).

Packing

As described above, we developed second-order and third-order

approximations that were quite accurate. We proceeded to verify

that these energy models were compatible with combinatorial

rotamer optimization methods. Applying FASTER to either the

second-order or the trained second-order model was no more

time consuming than a standard rotamer optimization calculation

(Methods). Optimizing with the untrained second-order model

produced a rotamer combination with low AMOEBA energy 5
-5625.7 kJ mol21. Optimizing with the trained second-order

approximation was superior, leading to a rotamer combination

with AMOEBA energy 5 -5646.3 kJ mol21.

It was significantly more challenging to perform combinato-

rial optimization using the explicit third-order approximation.

Computation time was the first hurdle. Despite applying the 5 kJ

mol21 filter discussed above, 1.4�3 107 of 4.7�3 107 potentially

significant 3-body terms remained (calculations required 2 days).

The second hurdle was holding the resulting data structure in

memory. To avoid inflating the required memory, we excluded

the smallest 3-body terms (|Eijk| \ 0.5 kJ mol21) when building

a SHARPEN EnergyHyperGraph.10 Removing the smaller terms

reduced the necessary memory from 4.2 to 1.7 Gb. The final

hurdle was the increased cost of combinatorial optimization.

Running a single FASTER round required 16 min (the current

implementation of FASTER was written for sparse Energy-

Graphs rather than EnergyHyperGraphs with high edge density).

Despite these hurdles, explicit inclusion of higher order terms is

a viable option. The resulting rotamer combination had

AMOEBA energy of 25641.9 kJ mol21. Considering computa-

tional expense and accuracy, we recommend the trained second-

order approximation over the third-order approximation for the

polarizable packing problem.

Repacking Accuracy

Proper quantification of repacking accuracy statistics will require

much larger test sets and the inclusion of a solvent model. That

said, repacking protein G with the trained AMOEBA approxima-
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tion was comparable with repacking using the OPLSaa energy

function (also lacking a solvent model) and with the all-atom

Rosetta energy function (which includes the Lazaridis–Karplus

solvation terms). Specifically, 31, 32, or 30 out of 46 v1 values

were recapitulated within 308 for the AMOEBA, OPLSaa, and

Rosetta cases. One of our future goals is to apply the methods

developed here to accurately approximate the multibody Pois-

son–Boltzmann continuum electrostatics solvation energy. Pre-

sumably, solvent screening will somewhat reduce the magnitude

of protein–protein polarization effects.

Local Optimization of a Polar Sidechain Network

Global repacking calculations are not the only potential applica-

tion for the decomposition and approximation scheme delineated

in this work. Detailed energy models for interacting networks of

polar sidechains, including sidechain conformational variability,

might benefit analyses of salt bridge and hydrogen bond ener-

getics or improve pKa prediction algorithms. To demonstrate, we

consider a toy problem: modeling an apo state for superoxide

dismutase from thermophile Alvinella pompejana (3F7L). After

removing the metals, we generated rotamers for the local amino

acid network (Supporting Information Fig. 6a) of 11 rotatable

sidechains (H44, H46, H61, H69, H78, H118 in addition to D81,

V116, D122, T135, and R141). We included three protonation

states for six histidine sidechains, for a total of 729 protonation

state combinations and 6.1�3 1017 discrete conformations.

To train an energy approximation applicable to low-energy

combinations, we followed the general procedure described above.

First, we calculated explicit 1- and 2-body terms as above. Sec-

ond, we obtained the putative minimum-energy rotamer combina-

tion for the approximate energy landscape (actual AMOEBA E 5
215343 kJ mol21). Third, we collected a 2 3 105 step Monte

Carlo trajectory using the approximate energy landscape. To

ensure diverse training and test sets, we reduced the 6449 unique

combinations encountered during Monte Carlo to 1184 combina-

tions such that no two combinations were within one rotamer sub-

stitution. The first 500 combinations were selected for a training

set. The second 500 combinations were selected for a test set. We

calculated the actual AMOEBA energy for both sets of rotamer

combinations. We next tried to use ridge regression to calculate

1-body correction terms, but the trained second-order approxima-

tion had a relatively high prediction rmsd of 16 kJ mol21.

Instead, we proceeded by using ridge regression to calculate cor-

rection terms for all 1-body terms and all 2-body energy terms

where |Eij| [ 1 kJ mol21. This trained second-order approxima-

tion recapitulated the training set with rmsd 5 0.6 kJ mol21 and

the test set with rmsd 5 1.6 kJ mol21 (Supporting Information

Fig. 6b). Most important, the trained approximation was useful;

optimization using the trained approximation resulted in discovery

of the rotamer solution with the most favorable AMOEBA energy

5 215459 kJ mol21 (Supporting Information Fig. 6c). AMOEBA

favors positively charged histidine, with the exception of H46,

which accepts a hydrogen bond from R141. Combined, the calcu-

lations to reach this point required 76 min (Supporting Informa-

tion Table I).

Given our particular interest in the relative energy of the his-

tidine protonation state combinations, we also tried an alternate

training set comprised of the putative minimum-energy rotamer

combination (according to the second-order approximate energy

landscape) for all 729 protonation state combinations. Calculat-

ing the actual AMOEBA energy for each of these combinations,

we found that the untrained second-order approximation corre-

lated reasonably well (R2 5 0.99) with the large differences in

the AMOEBA energy for the protonation state combinations

(which ranged between 215,450 and 212,606 kJ mol21) albeit

with significant noise (rmsd 5 63 kJ mol21). The untrained sec-

ond-order model systematically disfavored solutions with fewer

charged histidines. Training an energy model on these data

(Supporting Information Fig. 6d) reduces the training set rmsd

to 12 kJ mol21, but the resulting ‘‘big-picture’’ approximate

energy model was insufficiently precise for discovery of

improved low-energy combinations. Unlike the energy model

trained on low-energy rotamer combinations, combinatorial opti-

mization using the energy model trained on protonation state

combinations did not identify a solution with a more favorable

AMOEBA energy.

Discussion

The prototype calculations presented here are more computation-

ally demanding than typical sidechain repacking calculations in

current use. However, it is important to note that our computa-

tional burden consists of many small calculations. Current trends

in CPU design toward multicore processors are very favorable

for reducing the cost of these calculations. Also, the Folding@

Home project provides an example of distributing TINKER cal-

culations to tens of thousands of volunteer processors.38 We are

interested in methods for breaking large calculations (e.g.,

rotamer optimization with a multibody energy function) into

small problems that may be calculated in parallel.

By demonstrating polarizable protein packing, we open the

door for studies that compare the utility of polarizable and non-

polarizable potentials for structure prediction. Additional trials

on a large set of proteins will be required for statistically signifi-

cant energy function comparison. Before undertaking this com-

parison, it will be crucial to model solvation and the crystallo-

graphic packing environment as accurately as possible. Other-

wise, small differences in the accuracy of the protein model will

be obscured. The natural solvent model to adopt will be the

Poisson–Boltzmann continuum solvent model. First, an

AMOEBA Poisson–Boltzmann treatment has previously been

developed.6 Second, Mayo and coworkers have shown that Pois-

son–Boltzmann solvation energies can be roughly decomposed

into 2-body terms (rmsd 5 2.7 kJ mol21 for sidechain desolva-

tion energy).2,3 The method described in this work should be

suitable for developing high-accuracy approximations to the

many-body Poisson–Boltzmann energy.

The strategies developed here are also applicable to classical

fixed-backbone protein design. In this case, the population of

rotamers at designed positions will expand to include new amino

acids. For computational tractability, it will be important to

select a modest number of positions to design. This is not neces-

sarily a new limitation; designing a large number of positions

can consume a prohibitive amount of memory.
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In conclusion, we found that quantifying 3-body polarization

effects resulted in an accurate approximation to the many-body

AMOEBA energy. Most 3-body terms were small. In aggregate,

3-body effects were unfavorable, more often reflecting energetic

frustration than cooperativity. Approximating the many-body

energy allowed us to formulate a polarizable packing problem

and to solve with the FASTER algorithm. Furthermore, our

approximations could be significantly improved with ridge

regression. Within the limited domain of low-energy rotamer

combinations, the resulting energy models predicted the many-

body energy with remarkable accuracy (rmsd\ 1 kJ mol21).
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